The method of derivation of equations describing the evolution of the neutral Bose particle system at low temperatures is described. Despite the fact that we consider the neutral particles we account the short-range interaction between particles. As important limiting case we consider the particles in the Bose-Einstein condensate (BEC) state. This method is called the method of quantum hydrodynamics, because natural for of the quantum mechanics rewritten in terms of material fields of observable quantities in three dimensional space is the set of equations, which look like the hy- 
In the chapter we illustrate contribution of the temperature on the Bose particle dynamics at the example of the system of Bose particles with the three particle interaction in the first order by the interaction radius approximation. Finally, we discuss new properties of the dispersion dependency of the eigenwaves in the BEC obtained recently by means of the QHD.
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I. INTRODUCTION
The model of a slightly non-ideal Bose gas at almost zero temperature is a fundamental model for the BEC description giving Bose-type energy spectrum suggested by N.N. Bogoliubov [1] , [2] . The non-linear Schrodinger equation for the wave function of BEC was suggested later, which is called the Gross-Pitaevskii equation [2] , [3] . It is a great tool for inhomogeneous BEC studying. This equation contains nonlinearity of third degree. The Gross-Pitaevskii equation was generalized for the BEC of particles with three-particle interaction [4] , [5] (see also more recent papers [6] - [8] ). In this case a nonlinearity of fifth degree is added to describe three-particle interaction. A generalization of the Gross-Pitaevskii equation for dipolar BEC was also suggested [9] - [13] . It is well-known that the Gross-Pitaevskii equation might be presented in hydrodynamical form, analogously to the hydrodynamical representation of the one-particle Schrodinger equation.
We consider evolution of the BEC from point of view of the quantum hydrodynamic method. Initially the QHD method was developed for quantum plasma [14] - [17] . Quantum hydrodynamics of ultracold quantum gases was obtained later [18] . The QHD method allows us to study evolution of spinning particles [15] , [16] and particles having electric dipole moment [17] . Method of the QHD allows us to derive equations of the quantum observable directly from many-particle Schrodinger equation. These equations arise as a chain of equations, and the chain has to be truncated. A way of truncation depends on the kind of interparticle interaction and a set of physical process we want to consider. The approximation of the self-consistent field approximation gives us possibility to get a closed set of equation for particles with a long-range interaction (we use it for modeling of the dipoledipole interaction). A short-range interaction requires another treatment. The procedure was developed in Ref. [18] , and it has no specific name. We will present detailed description of this method in this chapter below.
II. GENERAL STRUCTURE OF THE QHD
This chapter is dedicated to description of the quantum hydrodynamics method in application to the dynamics of Bose-Einstein condensate (BEC) of neutral atoms [18] . Certainly, we will describe relation between the quantum hydrodynamics and the Gross-Pitaevskii equation, which is usually used for description of the BEC evolution, but we start from basic ideas lay behind the quantum hydrodynamics, which actually follow from basic principles of quantum mechanics. One of the main goals we want to show is that the quantum hydrodynamics is a natural way of description of quantum many-particle phenomenon, along with the second quantization. Then we study dynamics of a quantum physical quantity we have deal with the operator of this variable. Knowledge of wave function allows us to calculate quantum mechanical average of the physical quantity [19] < L >= ψ * L ψdR, then the wave function satisfy to the Schrodinger equation
is the momentum operator of the i-th particle, m i is the mass of the i-th particle, and U ij = U(| r i − r j |) is the interaction potential.
If we study a many-particle system we should choose useful physical quantities and find operators for these quantities. Development of the QHD shows that the first of the useful variables is the particle concentration, and it is easy to find it's operator in the coordinate representation. We just need to take the microscopic concentration of particles [20] , [21] 
Using this operator we get the quantum mechanical definition of the particle concentration n(r, t) = dR i δ(r − r i )ψ + (R, t)ψ(R, t),
where dR = N i=1 dr i . We can use the Schrodinger equation to study evolution of the concentration. For this purpose we differentiate the definition of concentration and obtain the continuity equation
where
is the momentum density.
Analogous derivation, but for one-particle Schrodinger equation, is presented in many books in quantum physics. In one particle case our definition (2) gives well-known formula for density of probability ψ * ψ.
Our definition (2) has one more important feature. Many-particle wave function ψ(R, t) is defined in 3N dimensional configuration space, whereas many-particle phenomenon realize in three dimensional physical space. Thus, if we want to have a description method presenting this evolution in natural way we should make projection of 3N dimensional evolution of psi function on three dimensional physical space. However, we do not need to solve this problem since we have solved this problem by using of the definition (2) for the particle concentration.
Having definition of the particle concentration we can derive the set of the QHD equation from the many-particle Schrodinger equation. We have already derived the continuity equation ( In the result we find
where Π αβ is the momentum flux tensor, and F α is the force density.
We have found general form of the quantum Euler equation. The momentum flux tensor describes kinetic and kinematic properties. Kinematic properties of spinning and spinless particles are different. In this chapter we will consider spinless particles and we will consider general properties and explicit form of the momentum flux tensor. Whereas, the force density is determined by an explicit form of the interaction in the basic Hamiltonian. We will consider two-and three-particle short range interaction and the long-range dipole-dipole interaction of particles having electric dipole moment. For simplicity we start derivation of the QHD equation for particles with the two-particle short-range interaction. Nevertheless it is enough to derive the Gross-Pitaevskii equation.
We have described general picture. Now we present derivation of the explicit form of the momentum flux tensor and it's connection with the velocity field.
Explicit form of the momentum flux tensor arising in the Euler equation (5) is
To present the velocity field in the QHD equations we need to present the many-particle wave function via two real functions as
Average of square of the amplitude of the wave function a 2 gives the particle concentration, then the gradient of the phase of the wave function on coordinate of i-th particle gives velocity of i-th particle
which actually depends on coordinate of all particles in the system.
Traditionally hydrodynamics equations contain velocity field v(r, t), which is velocity of the local center of mass, instead of the momentum density. These quantity simply relate j(r, t) = n(r, t)v(r, t).
Having the velocity field and the velocities of each particle we can introduce the difference between velocity of each particle and the velocity field
gives the thermal velocities.
Putting the presentation (7) of the wave function into the momentum flux tensor definition (6) and expressing result via both the velocity field and the thermal velocities we get the momentum flux tensor in the following form
where p αβ is the thermal pressure, and T αβ is the quantum Bohm potential, which is the quantum pressure caused by the quantum nature of particles as the de-Broule wave.
Explicit form of the thermal pressure is
as we may expect the thermal pressure depends on the square of the thermal velocities.
General explicit form of the quantum Bohm potential arises as
This general formula does not allow us to connect it with the particles concentration and the velocity field to get closed set of the QHD equations. In order to obtain the closed set of the QHD equation we consider this term in approximation of independent particles. In this case we find that the quantum Bohm potential in the following form
where we find that the quantum Bohm potential expressed via the spatial derivatives of the particle concentration. Divergence of this tensor has well-known in literature form
Now we have represented the hydrodynamical quantities via velocity field and got explicit form of the quantum Bohm potential we can rewrite the set of QHD equation
and mn(r, t)(
This equations have traditional form. Now we should consider the right-hand side of the Euler equation (25), where we have the force field density. We have deal with the system of neutral particles interacting by means of the short-range interaction potential. We can use this main properties of the interaction to construct a general hydrodynamical theory for such system.
III. SHORT RANGE INTERACTION IN QHD
Let's start studying of the explicit form of the force density. We have not presented explicit form of the force density obtained in equation (5) . The force density consists of two parts, which are action of an external field and an interparticle interaction, thus we can write F = −n∇V + F int (17) and the second term, which is under our main interest, has following form
There is no difference between i-th particle and j-th particle, thus we can rewrite it as
Using symmetry of the wave function to permutation of arguments r i and r j , and the fact that ∇ j U(r ij ) = −∇ i U(r ij ) we can rewrite formula (19) as
Keeping in mind that formulas (18) and (20) are different forms of the same quantity F int .
Thus, we can present F int as half of the sum of (18) and (20), and consequently we find
This formula is very useful for further transformation and let us proceed in (21) to variables of the center of gravity and variables of the relative distance of the particles defined as
Putting new variables in the force density F int we obtain
where R ij + r ij is the same for j-th argument, and R N −2 is the set of rest coordinates.
Since the interaction forces between the particles rapidly descend at distances of the order of the interaction radius, small |r α ij | give the main contribution to integral in (21) . Therefore, in expression (21), we can replace the multipliers at the interaction potential by their expansion in series by r ij . It is worthwhile to admit that we should make expansion of three functions, they are the difference between δ functions, i-th and j-th arguments in ψ * (R, t) and ψ(R, t). We have reached the conclusion that the density of the interaction force for bosons with a short-range interaction potential can be represented in the form of divergence of the tensor field ∂ β σ αβ (r, t). Here, σ αβ (r, t) is the quantum stress tensor conditioned by the occurrence of interparticle interaction. Divergence of this tensor is represented by the formula
where R ij stands for i-th and j-th arguments, ∂ R + and ∂ R − are derivatives on i-th and j-th arguments correspondingly. In this expansion we have included three first term of the series.
This expansion is valid due to the fact that an interaction radius is small. The first (second, third) term of this expansion is proportional to the interparticle distance limited by the interaction radius in the first (second, third) degree. Therefore we can call this expansion as expansion in series on the interaction radius. Consequently, the first term in formula (24) arises in the first order by the interaction radius (FOIR).
We follow the basic paper [18] , where the QHD method was developed up to the third order by the interaction radius (TOIR).
Using notion of the quantum stress tensor we can rewrite the Euler equation (16) as
In the classic hydrodynamics of neutral particles a generalized Euler equation [22] giving the Navier-Stokes equation at expansion of the stress tensor in the Taylor series on the spatial derivatives of the velocity field, restricted by linear terms only has form
In contrast to the general classic Euler equation our derivation gives explicit inner structure of P αβ , that leads to more careful understanding of different physical mechanisms contribution.
IV. QUANTUM HYDRODYNAMICS OF BOSONS IN THE FIRST ORDER BY THE INTERACTION RADIUS
We have obtained general form of the quantum stress tensor presented by formula (24) .
In this section we expand further transformation of the first term in formula (24). Let's start transformations with rewriting of the first term in expansion of the quantum stress tensor.
In the integral (27) dR can be rewritten as dR N −2 dr i dr j explicitly distinguish integration on coordinates of i-th and j-th particles. Using variables of the center of gravity and the relative distance of i-th and j-th particles we write dR N −2 dr i dr j = dR N −2 dr ij dR ij . It is also important to admit that both i-th and j-th arguments of the wave function in formula (27) are equal to R ij , after the expansion in a series on r ij . Now we can see that integration on r ij and R ij separates, and we can rewrite formula (27) in the following form
and we have also used notion of the two-particle concentration, which general definition is
This definition can be rewritten in more useful form
where n 1 , n 2 , . . . |r, r ′ , R N −2 , t is the N-particle wave function in representation of the occupation numbers, and
For further transformation we need to extract evolution of particles related to arguments r and r ′ . For this purpose, we consider expansion of the wave function r, r ′ , R N −2 , t|n 1 , n 2 . . . [23] . In the case of bosons, making expansion on one of arguments, we find
where we have that particle in an arbitrary quantum state f gives dependence on the coordinate r, and all particles alternately make contribution in r, r ′ , R N −2 , t|n 1 , n 2 . . . via r, t|f due to summation on all states.
Making the second expansion of the wave function, including symmetry of the wave function due to permutation of arguments, we obtain
where r, t|f = ϕ f (r, t) are the single-particle wave functions. Formula (31) consists of two terms. The first term describes contribution of two particles from different quantum states. The second term gives contribution of two particles being in one quantum states, that corresponds to the fact that several Bose particles can exist in a one quantum state.
Calculation of the two-particle concentration requires integration of the product of two wave functions in formula (30)
and
Formula (32) explicitly reveals symmetry of bosons wave function. The second term gives exchange term, and, consequently, contribution of the exchange interaction. Using these formulas, after some calculations, we find following result for the two particle concentration
where n g is a number of particles in the quantum state ϕ g , with a set of quantum numbers g,
is the particle concentration in terms of the arbitrary single-particle wave functions ϕ g (r, t),
is the macroscopic density matrix.
Putting (34) in formula (28) for the quantum stress tensor we obtain
is the interaction constant appearing from the integral on the relative distance of the particles. Formula (38) arises for the spherically symmetric interaction potential. In this chapter
we have been developing the theory for neutral particles in the Bose-Einstein condensate state. One of the powerful and famous methods of this studying is the Gross-Pitaevskii equation, which we will derive below from presenting method. Integrating by parts in formula (38) and assuming that the potential satisfies the condition that the quantity r 3 U(r)
tends to zero as r tends to zero and infinity, we obtain
that corresponds to the Gross-Pitaevskii result.
To investigate solitons in the BEC, we use the set of the QHD equations up to the TOIR approximation [18] . The calculation of the first member in a quantum stress tensor that corresponds to the GP equation is made in [18] under the condition that the particles do not interact. A more complete investigation into the conditions of the GP equation derivation from the MPSE shows that the GP equation appears in the first order by the interaction radius (FOIR), if the particles are in an arbitrary state that can be simulated by a singleparticle wave function. Such a state can particularly appears as a result of strong interaction between the particles that takes place in the quantum fluids.
Finally, the quantum stress tensor in the BEC state has form
We can see that the quantum stress tensor depends on the constant of interaction Υ and square of the particles concentration.
We have been calculating the quantum stress tensor, which describes interparticle interaction in the Euler equation. We have found σ αβ BEC , thus we can put in the Euler equation. Superfluid motion is the eddy-free motion. This means that v = ∇ϕ. For the isotropic kinetic pressure p αβ = pδ αβ under barotropicity condition we introduce the chemical potential
This designation corresponds to the Gross-Pitaevskii equation. However, in the thermodynamics and hydrodynamics ∇p(r, t)/mn(r, t) is equal to the gradient of the enthalpy, at the barotropicity condition.
In the result we come to the Euler equation in following form 
Equation (44) is the equation of the potential of velocity field evolution.
Having equations for the particle concentration and velocity field potential evolution we can derive equation for function Φ(r, t), defined as
which called the macroscopic wave function, the order parameter or the wave function in the medium. This construction has macroscopical meaning due to it's definition via the macroscopic parameters.
Differentiating the macroscopic wave function (45) with respect to time and using the continuity equation (15) and the Cauchy-Lagrangian integral (44) we find following nonlinear Schrodinger equation
which is well known as the Gross-Pitaevskii equation [2] , [3] . Operatorh 2 ∇ 2 /2m arises in the Gross-Pitaevskii equation due to the quantum Bohm potential (12) in the Euler equation (25) , or more precisely, it appears due to the approximate form of the quantum Bohm potential.
The wave function Φ(r, t) is normalized by the condition
where N is the number of particles in the system.
V. CONTRIBUTION OF THE TEMPERATURE IN DYNAMICS OF BOSE PAR-TICLES IN THE FIRST ORDER BY THE INTERACTION RADIUS
We describe QHD description of bosons at non-zero temperatures. Other method of the BEC description, for example the self-consistent Hartree-Fock-Bogoliubov approximation, can be found in Ref.s [30] - [35] .
At low, but non-zero, temperatures part of Bose particles are in the BEC state (on the ground energy level) and other part distributes on excited states (non-condensed particles).
Traditionally one species of bosons in described conditions is considered as a mixture of two liquids. One liquid is the particles in the BEC state, and another one is non-condensed particles. Since we consider non ideal Bose gas, we have interaction between particles, and in chosen model we have as interaction between particles of each liquid and inter-liquid interaction.
Interparticle interaction can lead to exchange of particles between the two liquids (since these liquids contain atoms of the same species), even if we keep system at fixed temperature.
Decreasing (increasing) of the system temperature leads to decrease (increase) of a particles number in excited states, and, correspondingly, it leads to increase (decrease) of a particles number in the BEC state. In mentioned cases the number of particles in each liquids changes, but total number of particles does not change. Therefore we have the continuity equation for total particles concentration n, which has usual form
where j is the current of all particles, or the total current, but for described above processes we have creation and destruction particles, at transition between liquids, which cause additional terms in the right-hand side of the continuity equation corresponding to the partial concentration introduced for each liquid.
We will consider a system of Bose particles at fixed non-zero temperature and neglect by the particles transitions between the liquids. In this case we the continuity equation for each liquid in usual form
for particles in the BEC state, and
for the non-condensed bosons, where the total particles concentration n(r, t) and current j(r, t) are divided on two parts n(r, t) = n B (r, t) + n n (r, t), and j(r, t) = j B (r, t) + j n (r, t), n B , n n are particle concentrations for the BEC and non-condensed particles, and j B and j n are corresponding currents, which have usual relation with the corresponding velocity fields j B = n B v B and j n = n n v n .
Next step is dividing of the momentum balance equation (the Euler equation) on two parts corresponding to condensed and non-condensed particle evolution.
We start with kinematic part of the momentum evolution which is given by the momentum current Π αβ . It has bilinear structure on wave function as the concentration n and particle current j. Thus we can represent the momentum current as the sum Π αβ = Π (10) and (12), where we should put n B , v B or n n , v n instead of n and v, and neglect thermal pressure p αβ .
For understanding of dynamical part of momentum evolution evolution of BEC j B (r, t)
and non-condensed particles j n (r, t) we need to consider formulas (31) and (34) in details.
The first multiplier in formula (31) , which has argument (r, t) is related to the particle whose motion we consider. Other one particle wave functions are related to the particles that influence on dynamic of considered current. This is give us ability to obtain the separate equation of dynamic atoms in the BEC state and the non-condensed state. If one-particle wave function with argument (r, t) describe the BEC state (has subindex "B"), we put this term in momentum balance equation for the BEC. In the case one-particle wave function with argument (r, t) describe the non-condensed state we put this term in the momentum balance equation for the non-condensed particles.
If we consider dynamic of particle in the BEC state, it means a quantum state f in formula (31) describes the BEC state we find that the first two terms in formula (34) describes quantities related to the particles in different state, for our case it means that they describe interaction of condensed and non-condensed particles. Thus the square of concentration and the square of module of the density matrix lead to evolution of the BEC due to interaction with non-condensed particles, they trace arises as 2n n n B . The last term in formula (31) describes two-particle in the same quantum state f . It gives us that the last term describes interaction between particles in the BEC state, and as we obtained in formula (40) it equals to the square of the concentration of condensed particles.
Let's consider momentum evolution of non-condensed particles. Now a quantum state f describes one of the non-ground states. We repeat that the first term (two first terms) in formula (31) (in formula (34)) describes quantities related to the particles in different quantum states. In the case of the BEC evolution we had fixed state of evaluating particles.
Thus we had only one combination of of different states they are BEC state and some of noncondensed states. Now we have more possibilities. Considering particle in a non-condensed state we find that it can interact with a particle either in the BEC state or in other noncondensed state. Thus we obtain the sum of 2n n n B and 2n 2 n . The last term gives additional contribution in non-condensed particles interaction. However, it was shown in Ref. [26] that it gives small contribution and we can neglect this term.
As a result we obtain
and The last term in equation (50) emerges from the last term in formula (34) , and the last term in equation (51) appears from the two first terms in formula (34), therefore it is quite normal that they have different coefficients.
VI. QUANTUM HYDRODYNAMICS OF BOSONS AT ACCOUNT OF INTER-ACTION UP TO THE TOIR
We have expanded derivation of both the Euler equation and corresponding non-linear Schrodinger equation, which is the Gross-Pitaevskii equation. In this section we will briefly discuss a contribution of the second and third terms in the quantum stress tensor.
In the second and third terms, as in the first one, the variables of the center of gravity and variables of the relative distance of the particles can be separated. The second term in the stress tensor, for spherically symmetric interparticle potential, equals to zero due to the integral on the variable of the relative distance. Thus, we need to consider the third term only.
In the absence of particles in excited states, the quantum stress tensor can be presented
where we assumed that particles occupy a ground quantum state described by wave function
The quantum stress tensor in the FOIR approximation was found for system of particles which are in some quantum state described with wave function φ 0 (r, t) (see formula (40)).
It was managed to calculate the quantum stress tensor, using intermediate formula (52), in the TOIR approximation for approximately independent particles, as for free particles and for particles in the parabolic trap [18] . In this case the second term in formula (52) simplifies and the last becomes equal to zero.
Method of calculation is the same as described above for the first term, but rather more complicated, so we do not present details. Final form of the third term in the quantum stress tensor is
is the constant of interaction arising at account of the short-range interaction up to the TOIR, this definition differs from the definition presented in Ref. [18] , here we put factor 1/8 in the integral (54).
Collecting parts of the quantum stress tensor arising in the FOIR and TOIR we find
which has form of an operator acting on the square of the particle concentration. Formula (55) reveals symmetry of the quantum stress tensor: σ αβ = σ βα , which exists in general formula (24) and remains in approximate formula (55).
Euler equation contains divergence of the quantum stress tensor which emerges as
We have found that the quantum stress tensor depends on higher than first spatial derivatives, see the second term in formula (56). Such dependence leads to nonlocal non-linear Schrodinger equation. Other nonlocal approximations for the BEC was considered in Ref.s [24] , [25] .
At studying of quantum gases we have dial with boson-fermion and fermion-fermion mixtures. The QHD of ultracold fermions and boson-fermion mixtures was developed up to the TOIR approximation in Ref. [18] .
VII. ENERGY EVOLUTION UP TO TOIR APPROXIMATION
Energy evolution is associated with both the collective motion and thermal motion of particles. We have no thermal motion in the BEC. Thus, it was enough to use two hydrodynamical equations for the BEC description. Non-condensed particles are involved in the thermal motion. At low enough temperatures we can neglect by the thermal pressure in the Euler equation for non-condensed particles. Including thermal pressure contribution and influence of it's evolution we have to have equation for the pressure evolution. In most cases we can limit our treatment with consideration of the scalar pressure which relates to the kinetic energy of the thermal motion. We actually can derive the pressure evolution equation, but it will be more complicated due to tensor nature of the pressure, so we consider energy evolution only. We give definition of whole energy, including energy of collective motion described fully by the momentum density evolution, and we will extract energy of thermal motion below.
Energy density for quantum system is defined as
where the first term in the big brackets is the kinetic energy density of i-th particle, and the second term is the density of potential energy.
Differentiating the energy density (57) with respect to time we find general form of the energy evolution equation
which has traditional structure and does not distinguish from classical case.
In equation (58) we have the energy flux Q(r, t) and the density of the work A(r, t). Due to our calculation these quantities arise in explicit form. Obtained equation is appropriate even for particles with long-range interparticle interaction, so explicit form of Q(r, t) and A(r, t) are correct in general case.
Let us present explicit form of the energy flux Q(r, t), which we separate on two parts having different meaning
the flux of the kinetic energy Q α (kin) (r, t), and the flux of the potential energy Q α (int) (r, t). The flux of the kinetic energy has following representation via many-particle wave-
the flux of the potential energy containing the interaction potential U ij arises as
and the work density is
Using the fact that we consider short-range interaction, thus we can use the method described in section (III) to represent the work density and the potential energy flux in corresponding form. This form appears to have very large form, so we present these quantity separated on parts. We start with representation of the potential energy flux via one-particle functions ϕ g describing one-particle states, which can be occupied by particles. Dividing 
here and in the following formula for Q α (int)s we use following designations
Coefficient Γ 1 describing interaction in the FOIR approximation is the Gross-Pitaevskii interaction constant g, which is simply related with Υ = −g = −Γ. Γ 2 arises in terms coming out in the TOIR approximation, so it has to be connected with the Υ 2 . Integrating definition of Υ 2 (54) by parts we find that Υ 2 = −Γ 2 .
The potential energy flux related to interaction of particles in the same quantum state has form of
We are interested in studying of particle dynamics at low temperatures, consequently we suppose that the ground energy state and an interval of low energy states are macroscopically occupied. We also can approximately neglect tail of states with larger energies which are faintly occupied. Therefore we will consider cases then n g (n g − 1) ≈ n 2 g in Q int(s) and A s . We have explicitly presented intermediate formulas for the potential energy flux up to the TOIR approximation. Now we consider analogous formulas for the work.
We divide the work on two parts following the recipe as for potential energy flow
A s (A d ) is the work related to two in different (same) quantum states.
Following formula for the work A d emerges from our calculations
In terms proportional Υ 2 we meet the tensor structure δ αβ δ γδ + δ αγ δ βδ + δ αδ δ βγ , which has obtained in the quantum stress tensor σ αβ (52), in the terms which appeared in the TOIR approximation. It relates to the fact that the second interaction constant Υ 2 emerges as a fourth rank tensor, and the structure under discussion reflects symmetries of this tensor.
We also meet this structure in following formula for A s , which is
These expressions (63), (67), (68) and (69) can be used for developing of different approximations for the quantum gases evolution, and we use them for one simplest approximation of approximately free particles. Thus, we use plane waves
for description of one-particle states.
To find closed description for the energy evolution we need to present the particles current
These quantities get following form for the plane wave function (70) n = Σ p n p /V ,
formulas allow us obtain following formulas for the potential energy flux and the work
Fixing local macroscopic quantum state via knowledge of macroscopic quantum parameters n, j, ε ..., we limit a set of microscopic quantum states, which needs for description of particle system. Overwise, if we know microscopic quantum state of a system (we know in which quantum state each particle is) we uniquely obtain macroscopic parameters describing system.
VIII. THREE PARTICLE INTERACTION BETWEEN PARTICLES IN THE BEC
QHD of the BEC with three-particle interaction was developed in Ref. [26] . Before presenting of the basic equation let us briefly discuss meaning of the three-particle interaction (TPI). We can present interaction between three particles V 3 (r i , r j , r k ) in the form
is the TPI potential that does not contain combination of binary potentials U ij . It means that if we have deal with the simultaneously collision of three particles we can expect that the two-particle potential is enough for description of this process. If particle has no inner structure, as electron, for example, they have potential of two-particle interaction only.
If particles have an inner structure, as atoms and molecules, we can expect that the TPI U ijk can give contribution in the collision.
The Hamiltonian of the system under consideration has the form:
wherep α i = −ıh∇ i is the momentum operator of the i-th particle, m i -is the mass of the i-th particle. Let us consider the TPI nonequivalent to combination of the binary interaction described by U ij . Interaction of three or more particles at the same time by means of binary potential is described by U ij and have no connection with the TPI.
we have introduced the three-particle concentration
It is necessary to consider variables of the center of gravity and variables of the relative distance of the particles for three particles
Using these variables we can represent the force field in terms of the quantum stress tensor
Limiting our consideration by the FOIR approximation for two-and three-particle interaction we find following representation for the quantum stress tensor
where ψ(R, t) = ψ(..., R ijk , ..., R ijk , ..., t)
for ψ function in the term describing the binary interaction, similarly in the term describing the three-particle interaction the psi-function has following structure ψ(R, t) = ψ(..., R ijk , ..., R ijk , ..., R ijk , ..., t).
Separating variables of the center of gravity and variables of the relative distance of the particles in the quantum stress tensor we obtain 
where T rf (r, r ′ ) = f (r, r), and T rf (r, r ′ , r ′′ ) = f (r, r, r).
Calculation of the three-particle concentration requires further expansion of the manyparticle wave function in comparison with formula (31) [26] .
For particles to be found in the Bose condensation state contribution of T rn 3 reduces to
which was calculated analogously to (40).
In the issue we get the Euler equation
where the interaction constant for the TPI arises in the tensor form
where Ω is the angle between r 1 and r 2 , r 1 and r 2 are modules of the vectors r 1 and r 2 , and ∂ 1 , ∂ 2 , ∂ 3 are derivatives of function U on its arguments r 1 , r 2 , r 2 1 + r 2 2 + 2r 1 r 2 cos Ω correspondingly. We can see that χ αβ = χ βα .
Reducing our description to the scalar TPI we can rewrite the Euler equation as
where scalar TPI constant has following form
Including of the three-particle interaction in the FOIR approximation gives the one additional term in the momentum balance equation and it also gives contribution in the nonlinear Schrodinger equation, the method of derivation described above for Bose system with the two-particle interaction, which reveals as a nonlinearities of fifth degree
That is well known Gross-Pitaevskii equation [3] , with the nonlinearity of the fifth degree [4, 5] , which arises due to the TPI, in approximation of the scalar TPI.
IX. DISPERSION OF LINEAR COLLECTIVE EXCITATIONS IN BEC
In this chapter we have considered the two-particle interaction up to the TOIR and the three-particle interaction in the FOIR. In this section we consider contribution of these interactions in the dispersion of the collective excitations of the BEC. Let's write the set of the QHD equations including described interactions, which is
The last three terms in the left-hand side of equation (95) describe interparticle interaction, which are two-particle interaction in the FOIR approximation, three-particle interaction in the FOIR approximation, and two-particle interaction in the TOIR approximation, correspondingly.
We consider the small perturbation of equilibrium state like
Substituting these relations into system of equations (94) and (95) and neglecting nonlinear terms, we obtain a system of linear homogeneous equations in partial derivatives with constant coefficients. Passing to the following representation for small perturbations δf
yields the homogeneous system of algebraic equations. The magnitude of concentration of the BEC is assumed to have a nonzero value. Expressing all the quantities entering the system of equations in terms of the concentration of BEC, we come to the dispersion equation for elementary excitations
The first and third terms corresponds to the Bogoliubov spectrum, which also appears from the Gross-Pitaevskii equation. The first term arises from the linear part of the quantum Bohm potential. The third term exists due to the two-particle short range interaction in the first order by the interaction radius. Account of the two-particle interaction up to the TOIR gives the second term, which leads to dependence of coefficient at k 4 on the equilibrium concentration n 0 . The last term is caused by the TPI.
Nonlinear shift of the frequency of collective excitations was calculated up to the TOIR approximation [27] , change of the form of the bright soliton in the BEC due to account of the short-range interaction up to the TOIR was obtained in Ref. [28] . Moreover, it was shown that considering of the short-range interaction up to the TOIR gives new solutions [29] , namely new soliton solution was found. This soliton exists in the repulsing BEC, and it reveals as area of compression, so it was called bright-like soliton, when the bright soliton exists in the attractive BEC. At usual conditions the repulsing BEC reveals the dark soliton, which is an area of rarefication.
X. QUANTUM HYDRODYNAMICS OF THE DIPOLAR BEC
One of the more excited topics in BEC studies is the electrically polarized BEC (EPBEC), which is the BEC of polar molecules. Quantum gases of particles having electric dipole moment add two interesting fundamental properties. These are long-range interaction and anisotropy of the interparticle interaction.
The Gross-Pitaevskii equation with the cubic nonlinearities has been used for studying of the unpolarized BEC with two-particle interaction. Taking into account the three-particle 
In equation (99) We derive the QHD equations for the EPBEC [17] , [36] , and [37] from the many-particle Schrodinger equation with the following Hamiltonian
The first term here is the operator for kinetic energy. The second term represents the interaction between the dipole moment d 
which is enough for mechanical description of several particles motion, but it does not enough for construction of the field theory. Thus, in this paper for interaction of electric dipoles we use the following, more general, Hamiltonian:
There is well-known identity
so we can see the difference between usually using Hamiltonian and one's used in this paper. The corrections of our selection followed from the fact that the equations obtained in the paper coincide to the Maxwell equations. At derivation of the QHD equation in self-consistent approximation lead to field equation
but if we used Hamiltonian (101) we would obtain
instead of (103).
Electric field arising in the QHD equations in the self-consistent field approximation at using of the Hamiltonian (101) satisfy to the two Maxwell equation (103) and
Scheme of derivation of the QHD equations is the same as described in previous sections.
Thus, we have following set of equations, which contains additional equations in compare with the unpolarized systems described below. The continuity equation
has the same form as usual.
The momentum balance equation for the polarized BEC has the form
and contains one additional term. New quantity has appeared in the momentum balance equation, which is the electric dipole moment density
It is obviously very important quantity for description of polarized BEC evolution, so that we should consider their evolution and influence of the polarization evolution on dynamics of hydrodynamic variables (particle concentration n and velocity field v). When we consider system of fully polarized dipoles at zero temperature we can rewrite polarization P = dn.
At assumption that particles dynamic do not lead to change of the dipoles direction we can conclude that changing of polarization caused by changing of particles position, so polarization increase in area where concentration increase and vice-versa. The generalized Gross-Pitaevskii equation (99) corresponds to described case. Generally speaking we should include dipoles direction evolution, and consequently more detailed polarization evolution.
Even in ferromagnetics, where magnetic moments are kept parallel due to strong exchange interaction, there are waves of dipoles direction (spin waves). Therefore, we need to derive equation of the polarization evolution.
Considering two kind of interaction, the short-range interaction and dipole-dipole interaction, the last one is an example of the long-range interaction, we have dial with different approximations for each interaction. Approximations for short-range interaction were minutely considered in the beginning of the chapter. We have used the self-consistent field approximation [17] for dipole-dipole interaction. Briefly, this approximation corresponds to approximate representation of two-particle function as a product of corresponding one particle function. More precisely, we can explain it on example of two-particle concentration.
The self-consistent field approximation corresponds to the first term in formula (34) , which is the general representation of the two-particle concentration in terms of one-particle states ϕ g .
As usual we differentiate the polarization (108) with respect to time and using Schrodinger equation with the Hamiltonian (100) the equation of polarization evolution appears as
R αβ (r, t) is the current of polarization.
Using a self-consistent field approximation of the dipole-dipole interaction we obtain an equation for the polarization current R αβ (r, t) evolution
where the second term, containing three terms in large brackets, in the left-hand side is the convective part of the polarization current evolution. The third and fourth terms describe an analog of the quantum Bohm potential. We have two terms in the right-hand side describe influence of interaction on the polarization current evolution. The first term in the right-hand side presents contribution of the short-range interaction, where we have Υ as the signature. The very last term of the formula (110) describes interaction of dipoles with electric field and includes both external electrical field and a self-consistent field that created by particle dipoles. This term contain numerical constant σ.
Considering monochromatic collective excitations in the EPBEC δf = f (ω, k)exp(−ıωt + ıkr)
choosing equilibrium condition as n = n 0 , v = 0, P = P 0 e z , and R αβ = 0, including that equilibrium external electric field is E = E 0 e z , we find that the dispersion dependence for the collective excitation in the EPBEC can be expressed in the form of 
quantities with subindex 0 are constants. This formula shows that in the EPBEC exists two waves, due to two signs in front of the square root, instead of one wave existing in an unpolarized BEC (98) considered in previous section.
Comparing obtained dispersion dependence for EPBEC (112) with the one derived in the absence of the electric dipole moment (98) for Υ 2 = 0 and χ = 0, since we have not considered the TPI and two-particle interaction in the TOIR approximation, we derive P 0 → 0 limit of formula (112), which appears as
range interaction. We derived the quantum stress tensor, which detailed analysis allows us to construct QHD equations. For two-particle interaction we have considered the quantum stress tensor up to the third order by the interaction radius, and for the TPI we have limited our consideration by the FOIR. We have specially considered long-range interaction between electrical dipole moments of neutral particles being in the BEC state. In this case
we have had to derive equations for polarization evolution in addition to the continuity and the Euler equation, which make up usual QHD. By means of the QHD method we consider influence of non-zero temperature on evolution of bosons deriving two-fluid model and considering energy balance equation for non-condensed bosons. We have obtained contribution of described interactions dispersion of collective waves in the BEC.
